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Abstract

I present an overview of binding energies and ground state magnetic moments

for p-shell nuclei calculated with the phenomenological NN interaction JISP16,

and compare with experimental data. I also illustrate how the decomposition of

total angular momentum into intrinsic spin and orbital components can provide

insights into the structure of states and relationships among states.
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1 No-Core Full Configuration approach

In the Configuration Interaction (CI) approach to describe quantum many-body sys-
tems, the many-body Schrödinger equation

H Ψi(r1, . . . , rA) = EiΨi(r1, . . . , rA) (1)

becomes a large sparse matrix problem with eigenvalues Ei and eigenvectors Ψi rep-
resenting the A-body wavefunctions. For No-Core nuclear structure calculations [1]
the wavefunction Ψ of a nucleus consisting of A nucleons is expanded in an A-body
basis of Slater determinants Φk of single-particle wavefunctions φnljm(r),

Ψ(r1, . . . , rA) =
∑

ck Φk(r1, . . . , rA), (2)

with Φk(r1, . . . , rA) = A[φn1l1j1m1
(r1)φn2l2j2m2

(r2) . . . φnAlAjAmA
(rA)] and A is the

antisymmetrization operation. Conventionally, one uses a harmonic oscillator (HO)
basis for the single-particle wavefunctions, which are labelled by their quantum num-
bers n, l, j, and m; n and l are the radial and orbital HO quantum numbers
(with N = 2n+ l the number of HO quanta), j is the total single-particle spin, and m

its projection along the z-axis. The many-body basis states Φk have well-defined
parity, (−1)

∑
A
li, and total spin-projection, M =

∑

A mi, but they do not have a
well-defined total spin J . Thus, in two runs (one for each parity), one can obtain
the complete low-lying spectrum, including the ground state, even if the spin of the
ground state is not known a priori.

The many-body Hamiltonian H in Eq. (1) can be expressed in terms of the relative
kinetic energy plus 2-body, 3-body, and, in general, up to A-body interaction terms

H = Trel + VCoulomb + VNN + VNNN + . . . (3)

Here I focus on results obtained with the phenomenological 2-body (NN) interac-
tion JISP16. This interaction is constructed from inverse scattering analysis of the
neutron-proton phase shifts; subsequently its off-shell behavior is tuned to reproduce
the deuteron properties as well as select additional light nuclear properties using
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phase-shift equivalent unitary transformations [2]. The resulting NN interaction is
charge-independent; the only charge dependence comes from the Coulomb interac-
tion VCoulomb in Eq. (3).

A convenient and efficient truncation of the complete (infinite-dimensional) basis
is a truncation on the total number of HO quanta of the many-body basis: the basis
is limited to many-body basis states with

∑

A Ni ≤ N0 + Nmax. Here, Ni is the
number of quanta of each single-particle state; N0 is the minimal number of quanta
for that nucleus; and Nmax is the truncation parameter. Note that for HO single-
particle states, this truncation leads to an exact factorization of the center-of-mass
wavefunction and the relative wavefunction [3].

Any CI calculation, using a finite truncation of the complete basis, gives a strict
upperbound for the lowest states of each spin and parity for a given nuclear poten-
tial. In the No-Core Full Configuration (NCFC) approach [4] one is interested in the
convergence with increasing basis space dimensions and thus recover, to within quan-
tifiable uncertainties, results corresponding to the complete basis. In order to do so,
one has to address eigenvalue problems for increasingly large matrices, with dimen-
sions of well over a billion. Improved algorithms to construct these matrices and to
determine their lowest eigenstates, as well as efficient use of increasing computational
resources are critical for the success of this approach [5–10].

The empirical model used for the extrapolation of the (ground state) energies to
the complete basis is [4]

E(~ω,Nmax) = E∞ + a~ω e−b~ωNmax , (4)

where ~ω is the HO energy. I use sets of three consequitive Nmax values at fixed values
of ~ω to estimate the energy in the complete basis. Extrapolations based on calcula-
tions up to Nmax are using results from the (Nmax − 4), (Nmax − 2), and Nmax bases
for the extrapolation, and the difference with the extrapolation of the (Nmax − 6),
(Nmax − 4), and (Nmax − 2) bases is used as an estimate of the extrapolation uncer-
tainty. For this extrapolation method one needs results up to at least Nmax = 8.

For consistency, I then check that (1) extrapolations at different ~ω values are
within each other’s uncertainty estimates; (2) as Nmax increases, the extrapolations
are within the uncertainty estimates of smaller Nmax values; and (3) numerical un-
certainty estimates decrease as Nmax increases. This is all done at fixed ~ω; the final
result for E∞ is the extrapolated result at that ~ω value for which the amount of ex-
trapolation is minimal, i. e. the point where E(~ω,Nmax)−E∞ is minimal. Typically,
with JISP16, this is at or slightly above the ~ω value that minimizes the (ground-
state) energy in finite bases. The final error estimate is enlarged as necessary in order
to get consistent results, such that the central values are within the final numerical
error estimate over a 10MeV range around the variational minimum. (Note that in
the original version of this extrapolation [4] we did not make such an adjustment.)

2 Ground state energies with JISP16

This extrapolation method is illustrated in the left panel of Fig. 1 for the ground
state of 7Li. As one can see in this figure, the error estimates are minimal around
the variational minimum in ~ω; furthermore, extrapolations based on the three data
points at the largest Nmax do indeed fall within the error estimates of the previous
extrapolations, and do have smaller error estimates. However, there seems to be a sys-
tematic ~ω dependence of the extrapolated results suggesting that Eq. (4) is not the
correct asymptotic behavior. Indeed, recent studies [11–14] of the effective infrared
and ultraviolet cutoffs of a finite HO basis have shown that the asymptotic behavior
contains a term that is exponential in

√
Nmax, in addition to a term that is exponen-

tial in Nmax. The uncertainty analysis of these extrapolation methods is still under
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Figure 1: Ground state energy (left) and low-lying spectrum for 7Li (right). Extrap-
olated energies are depicted with open symbols connected by dotted lines.

investigation; once their uncertainties have been quantified, these extrapolations are
likely to become more valuable.

In Fig. 2 I present a summary of ground state energies of light nuclei up to 16O
calculated with JISP16 in the NCFC approach [15]. For A = 3 and A = 4, as well
as for 6He and 6Li, our results are in excellent agreement with calculations using the
hyperspherical harmonics approach [16, 17]. In recent years, JISP16 has been been
used successfully to benchmark novel truncation methods for ab initio CI calculations,
such as the No-Core Monte Carlo Shell Model [18, 19] and the Symmetry-Adapted
No-Core Shell Model [20,21], as well calculations based on Coulomb–Sturmian single-
particle wavefunctions [22] and calculations in a Wood–Saxon basis [23] — each of
these methods yields results consistent with the results presented here.

There is a reasonable overall agreement between the calculated and experimen-
tal binding energies: for A = 6 to 10 JISP16 underbinds slightly, but starting
from A = 12, JISP16 overbinds the T = 0 and T = 1

2
states by an amount that

increases with A, but decreases with T . This trend towards overbinding of the N = Z
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Figure 2: Ground state energy for A = 2 to A = 16 with JISP16, including numer-
ical uncertainty estimates (only one ground state for each A and T ), compared to
experimental data.
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nuclei starting from 12C has been noted earlier [4], and can be remedied by a further
tuning of the off-shell behavior of the NN interaction [24].

3 Excited states

Most known excited states in p-shell nuclei are particle (or cluster) unstable but many
have widths less than a few hundred keV. For such narrow states the real part of the
S-matrix poles may be well-approximated by the eigenenergies calculated in a HO

basis [25]. E. g., for 7Li the first excited state, with Jπ = 1

2

−

, is below the threshold

for 4He plus 3H, but the next excited states state, at about 5 MeV with Jπ = 7

2

−

, is
well above this threshold. Nevertheless, the excitation energy of this state is very well
converged, see the right panel of Fig. 1, and one does not really need any extrapolation
for the excitation energies of these two lowest excited states [26].

The excitation energies of the two Jπ = 5

2

−

states around 7 to 8 MeV however are
not as well converged, and do depend on the basis parameters. Even after the expo-
nential extrapolation to a complete basis, the excitation energies shows a systematic

dependence on the basis parameter ~ω, in particular for the first Jπ = 5

2

−

state. This
behavior is characteristic for resonances in a pure HO basis, and one might get bet-
ter converged results using an approach that incorporates continuum states [27–29].
Nevertheless, one can conclude that with JISP16 the excitation energies for the lowest
four excited states in 7Li are all within about 10% to 15% of the experimental values.

Experimentally, the lowest Jπ = 5

2

−

state is broad, whereas the second Jπ = 5

2

−

is narrow; not much else is known to distinguish them. Our calculations [26] however

indicate that these two states have a very different structure: the first Jπ = 5

2

−

has a large negative quadrupole moment, whereas the second has a moderately large

positive quadrupole moment. Furthermore, the first Jπ = 5

2

−

state has a moderately

strong B(E2) transition to the Jπ = 3

2

−

ground state, whereas the B(E2) transition

from the second Jπ = 5

2

−

state is more than an order of magnitude smaller.
In order to get a better understanding of the structure of these (and other) states,

one can also look at their spin structure. The contributions to the total spin J in
terms of the nucleon intrinsic spin, S, and orbital motion, L, is given by

J =
1

J + 1

(

〈J · Lp〉+ 〈J · Ln〉+ 〈J · Sp〉+ 〈J · Sn〉
)

. (5)
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Figure 3: Contribution to the total spin of select states of 7Li from the proton or-
bital motion (red), neutron orbital motion (blue), proton intrinsic spin (orange), and
neutron intrinsic spin (green). Adapted from Ref. [15].
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Figure 4: Energies of select low-lying states for A = 6 to A = 9 with JISP16, including
numerical uncertainty estimates, compared to experimental data.

Generally (though not always) these components converge rather quickly. In Fig. 3
these components are shown for the five lowest states in 7Li. Clearly, the first and

second 5

2

−

and 5

2

−

states have a very different structure, despite being very close in
energy: they differ significantly in all their spin components. A closer look at both
the quadrupole moments and the spin components of the lowest four states suggests

that these states
(

with Jπ = 1

2

−

, 3

2

−

, 5

2

−

1
, and 7

2

−
)

form a rotational band. Also

the B(E2) and B(M1) transition strengths between these states are in qualitative
agreement with predictions based on a rotational structure [30].

In Fig. 4 I summarize results for both the ground states and select excited states
for A = 6 to A = 9, after extrapolation to the complete basis. As already noted,
JISP16 slightly underbinds these nuclei, but the excitation energies are generally in
qualitative agreement with the data, as can be seen in Fig. 4: for most of these nu-
clei the calculated results (red plusses) seem all to be shifted upwards by a constant
(nucleus-dependent) amount, reproducing the experimental spectrum quite well. Also
the calculated spin and parity of the states shown in Fig. 4 agrees with the experi-
mentally assigned spin-parity.

4 Beryllium isotopes

It is known that the low-lying states in both 8Be and 9Be are members of rotational
bands. Indeed, the excitation energies of the first 2+ and 4+ states of 8Be, see Fig. 4,
follow the rotational pattern. Although the quadrupole moments themselves are not
(yet) converged, the ratio of the quadrupole moments of the first 2+ and 4+ states
of 8Be are in good agreement with a rotational model, as are their B(E2) transition
strength (relative to the intrinsic quadrupole moment) [30].

Starting with 8Be, narrow states of both parities appear in the experimental spec-
trum; and for 11Be the lowest positive parity state is the ground state, contrary to
the expectations based on the shell model, which predicts negative parity ground
states for all odd p-shell nuclei. For 7Be through 13Be I performed calculations for
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Figure 5: Energy difference between lowest positive and negative parity states for
Beryllium isotopes. Adapted from Ref. [31].

both natural and unnatural parity states. Figure 5 shows the difference between the
extrapolated binding energy of the lowest natural parity state and the lowest unnat-
ural parity state [31], treating the extrapolation uncertainties as independent. One
expect this difference to be positive, but for isotopes with parity inversion it becomes
negative. Although JISP16 does not quite reproduce the observed parity inversion for
11Be, parity inversion is within the numerical error estimates for this isotope. Fur-
thermore, over the range of isotopes from 8Be to 11Be the results are in very good
qualitative agreement with the data: JISP16 seems to underbind all unnatural parity
states by a similar amount of about 1 MeV. Based on these results, I also predict par-
ity inversion for 13Be; experimentally, the parity of the ground state is not confirmed,
though likely to be negative [32], which indeed implies parity inversion (13Be has one
neutron in the sd-shell, so the natural parity is positive).

The negative parity spectrum and positive parity spectrum of 9Be, relative to
the lowest state of that parity, is shown in Fig. 6. The excitation energies of the

lowest 5

2

−

and 7

2

−

states are quite well converged, in contrast to excitation energies

of the 1

2

−

, the 3

2

−

, and the second 5

2

−

states. This difference in convergence rate can

be understood by the observation that the ground state forms a rotational band with
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the lowest 5

2

−

and 7

2

−

states, and the corresponding wavefunctions have therefore a
similar structure, and are likely to converge at a similar rate. The low-lying positive
parity states also form a rotational band, and indeed, their excitation energies, relative

the 1

2

+
state, are also quite well converged at Nmax = 11. Note however that the

excitation energy of the positive parity states relative to the (negative parity) ground
state are not as well converged, and can only be calculated after extrapolation to the
complete basis [15].

In Fig. 7 I show the spin contributions for the lowest two negative parity states and
for the lowest two positive parity states of 9Be. In all four states, the contribution from
the neutron intrinsic spin is close to 1

2
, and that from the proton intrinsic spin is nearly

zero. This is consistent with a cluster configuration of two α-particles and a neutron

for these states. The observed spin contributions for the ground state Jπ = 3

2

−

suggests that this state is dominated by an α-cluster configuration of two α-particles
plus a neutron in a π-orbital, in which the neutron orbital motion contributes one
unit to the total angular momentum. The ground state proton and neutron density
distributions are consistent with this interpretation as well [31]. On the other hand,

the lowest positive parity state, Jπ = 1

2

+
, is likely to be dominated by two α-particles

plus a neutron in a σ-orbital. The 5

2

−

and 5

2

+
states can then be interpreted as

rotational excitations of these two states, with most of the total angular momentum
coming from orbital motion of the nucleons. Indeed, calculations of the quadrupole
moments and B(E2) transition strengths of these states are also in agreement with
these states forming rotational bands [30].

5 Magnetic moments

Using the canonical 1-body current operator, the magnetic moments in impulse ap-
proximation follow from the spin components

µ =
1

J + 1

(

〈J · Lp〉+ 5.586〈J · Sp〉 − 3.826〈J · Sn〉
)

µ0. (6)

In Fig. 8 I show results for the magnetic moments of the ground states of p-shell
nuclei. Typically, the calculated results are within about 0.3µ of the experimental
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data. This discrepancy is likely due to the omission of 2-body currents; with con-
sistent 2-body currents, one expects to get much better agreement with the data.
However, since JISP16 is a purely phenomenological potential, it is not clear how to
construct a consistent 2-body current, whereas for a microscopic interaction such as
chiral interactions or a phenomenological meson-exchange potential like AV18, one
can use consistent meson-exchange currents, and find generally good agreement with
the data once meson-exchange currents are included [33, 34].

Some of the largest deviations between the impulse approximation calculations
and the experimental data are for the ground states of 9Li and 9C. It is interesting to
note that also with AV18 plus IL7 3-body force there is a similarly large discrepancy
between impulse approximation calculations and data for these two states. For the
AV18 plus IL7 it has been shown that meson-exchange currents contribute +0.70(2)µ
and −0.60(3)µ respectively to these magnetic moments, and with these corrections
included, the results for 9Li and 9C are in agreement with the data [34]. For other
ground state magnetic moments the contribution from meson-exchange currents is of
the order of 0.3µ or smaller with AV18 plus IL7, and with these corrections included,
the calculated magnetic moments are generally closer to the data.

Another surprisingly large discrepancy between the calculated and experimen-
tal magnetic moment occurs for 13N. JISP16 gives a negative magnetic moment of
about −0.3(1)µ, in sharp contrast to the positive experimental value of +0.322µ.
Note that the calculation for the mirror nucleus, 13C, is in good agreement with the
data. It would be interesting to see what one gets with other realistic interactions,
and what the meson-exchange contributions are for this case.
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